Abstract. The bullet train from Be'er-Sheva to Eilat in Israel is planned to be built in great vicinity to the Dead Sea Fault (DSF) 
INTRODUCTION
The high-speed train from Be'er-Sheva to Eilat in Israel is planned to be built in great vicinity to the Dead Sea Fault (DSF) and therefore susceptible to different seismic risks. High-speed trains are especially vulnerable to differential deformations and one of the engineering tasks associated with the railway design is to evaluate the expected serviceability level with time.
This paper presents statistical analysis for the prediction of the differential deformation of the railway track caused by single and multiple earthquake events. The highlight of the analysis is its comprehensive approach to incorporate advanced features from viewpoints of both earthquake engineering and geotechnical engineering. The former is the use of a probabilistic seismic hazard analysis (PSHA) [1] , which integrates all possible earthquake ground motions (i.e. magnitudes, locations, and ground conditions). The latter is that the analysis also incorporates nonlinear soil behavior and heterogeneous soil properties in order to better represent true soil behavior. Fig. 1 shows the considered model geometry with the boundary conditions. In the analysis, it is assumed that a railway track is placed on top of an embankment, which has height of 10 meters, width of 15 meters and a sides slope of 25 degrees. Similar analysis should be repeated for other dimensions. Earthquake velocities are applied at the bottom of the base sediment and they are calibrated from the outcrop accelerations of several real earthquakes (discussed later). The lower boundary constitutes a transmitting boundary allowing any reflected waves to propagate downwards. The side boundaries are set such that they form periodic boundaries. The location of the considered site is in the middle range of the route of rail, at the middle of the Arava as shown later as the red circle in Fig. 5 . 
MODELLING PROCEDURE

Model geometry
Soil model
During earthquakes, the soil is subjected to cyclic loading. It is widely known that cyclic loading induces volumetric and deviatoric plastic deformation. Fig. 2 shows an idealized stress-strain relation of a drained soil under cyclic loading. If the soil is a linear elastic material (i.e. no plastic deformation), the soil stresses and strains return to the original state at the end of loading cycle. However, in reality, the soil comprises grains which are rearranged due to shearing. The rearrangement of particles leads to both nonlinear plastic behavior in the deviatoric and volumetric spaces. This plastic behavior is controlled by a nonlinear backbone curve that can be define using the degradation model suggested by [2] ,which is shown in Fig. 3a and given by:
where G max is the maximum shear stiffness (discussed in the next section) and γ is the shear strain. For the plastic compaction, the model by [3] is used, which is shown in Fig. 3b and given by:
where ǫ p v is the plastic volumetric strain and C 1 is the soil parameter, which is related to density of soil (discussed in the next section).
It should be noted that when the soil is saturated with water, the reduction of pore space due to shear loading induces excess pore pressure and thus the effective stresses decrease (i.e. liquefaction if the effective stresses become zero). The reduction of effective stresses further decreases the soil stiffness. Thus, additional deformation is expected if the soil is saturated. While the current analysis does not consider this effect, the constructed model would be able to evaluate such conditions if required.
Stochastic soil properties
No differential deformation will develop (even longitudinally along a section of the railway track) when the soil is homogeneous in horizontal direction. This implies that, unless true variation of soil properties are considered, even a three-dimensional model will predict zero differential deformation (for the considered geometry). Natural sediments are heterogeneous and thus likely to cause differential deformation which may hinder serviceability of the railway track. The current analysis attempts to capture these important characteristics in a realistic manner by the following. The current analysis adopts the normalized blow counts of Standard Penetration Test (SPT),
, where p a is atmospheric pressure), as an input and assumes that the values follow a normal Gaussian distribution. For the base soil, the distribution has the mean (N 1 ) 60 value of 20 (≈ relative density of 70 %) with a coefficient of variation of 26 % (suggested by [4] ). For the embankment, assuming thorough compaction is conducted, the mean (N 1 ) 60 value is set to be 35 (≈ relative density of 89 %) with a coefficient of variation of 10 %.
In addition, in order to better represent natural soil properties, the distributed values are also spatially auto-correlated, that is, the values are correlated in relatively close locational positions (i.e. auto-correlation distance), rather than being completely random. A large auto-correlation distance implies that the soil property is highly correlated over a large spatial extent, resulting in a smooth variation within the soil profile. In this study, auto-correlation distance is set to be 10-20 m (based on work by [5] ). Fig. 4 presents the distributions of the normalized SPT value in studied three cases, which are hereafter referred to as "Soil 1", "Soil 2" and "Soil 3".
The spatially distributed and auto-correlated (N 1 ) 60 are used to obtain the maximum shear stiffness G max by [6] :
where p ′ is the mean effective stress. The plastic compaction model parameter C 1 is also obtained from (N 1 ) 60 by [3] :
A larger (N 1 ) 60 indicates that the soil is stiff and thus the maximum shear stiffness becomes large. As stiffer soil tends to induce less plastic strain, C 1 becomes smaller with increasing (N 1 ) 60 . These values are used for the nonlinear soil model as described in Fig. 3 . 
PROCEDURE OF SELECTING EARTHQUAKES FOR TIME-DOMAIN ANALY-SIS
This section describes the procedure of selecting input earthquake acceleration time histories for the analysis. This study takes an approach of probabilistic seismic hazard analysis incorporating:
• An attenuation model to evaluate cumulative absolute velocity (CAV) at a given return period based on the Israeli seismogenic zone;
• Disaggregation (or deaggregation) model to determine the dominant contributing factors (e.g. magnitude or location) to the estimated CAV;
• Scaling of real earthquake acceleration time history.
A Probabilistic Seismic Hazard Analysis (PSHA) is a probability-based framework capable of quantifying various ground-motion values (e.g. peak ground acceleration) at a considered site. It is known that ground-motion values vary with many uncertain factors such as location of the earthquake, fault type, variability of ground motion intensity, characteristics of ground and probability of occurrence of earthquake itself. Rather than ignoring the uncertainties present in earthquake-related problem, PSHA incorporates them into the calculation of potential ground motion intensities.
Potential cumulative absolute velocity based on its return period
Cumulative absolute velocity (CAV), defined as the integral of the absolute acceleration time series, has been used as an index to indicate the possible onset of structural damage and liquefaction of saturated soils. Although named the cumulative absolute velocity, CAV is not directly related to the ground motion velocity, rather, it originates from the fact that the integral over acceleration can be rewritten as summation of incremental (i.e., peak-to-valley and valleyto-peak) velocities. Thus, the value CAV is an indicator of cyclic loading. Since its introduction in 1988, a number of studies have shown that CAV is better predictor (also smaller standard deviation) than other energy related intensity measures such as Peak Ground Acceleration (PGA) of potential damage of soil and structures, which are prone to cyclic loading or fatigue failure [7, 8, 9, 10] .
To obtain the exceedance value of CAV through PSHA analysis, one must consider all possible earthquake events (magnitude and distances) that may affect the site. In this work, the Israeli Catalogue of seismogenic zones by [11] is adopted. The solution, based on event occurrence following the Gutenberg-Richter with a limit on the maximum magnitude, may be obtained numerically by the following integral:
where λ z * is the return period of the ground motion parameter of question z * (CAV and PGA in this work), (x 0 ,y 0 ) are the coordinates for which this value z * is evaluated, α i , β i , M min,i , and M max,i are parameters of the Guttenberg-Richter (bounded by upper magnitude) model for the seismicity of the seismogenic zones of Israel (shown in Fig. 5 and given in Table 1 ), N S is the total number of seismogenic zones, N XS i , N Y S i , N XE i and N Y E i are the boundaries of indexes k and l for each seismogenic zone to form a rectangular in which the seismogenic zone is encompassed, N M W is the division of magnitude in the integration, P [z * |m j , r i,k,l ] is the probability that the ground motion parameter at point (x 0 , y 0 ) due to an event with magnitude m j at distance r i,k,l will be larger than z * , N R i is the number rectangular element of size ∆x times ∆y found in seismogenic zone i and P IZ is a special function which gives one if the currently considered source (which is integrated for the all the area) is found in seismogenic zone i and zero otherwise. Note that in the solution we search for z * that will give the required return period R = 1/λ z * .
A design return period R is the average interval of time between events leading to an equal or greater associated ground motion parameter. It may be used to define the exceedance probability P e (i.e. probability that at least one event would occur) for a given exposure period t (or vice versa), using Poisson's model as:
Incorporating Campbell and Bozorgnia attenuation model [12] with its defined standard deviation into Eq. 5 (as part of P [z * |m j , r i,k,l ]) gives a solution for defining the CAV at the considered site in the Arava. It should be noted that the ground motion component used to define CAV in this study is the geometric mean of the two recorded horizontal components (often noted as CAV gm ). Fig. 6 shows the estimated CAV (and PGA for a comparison) with increasing return period at the considered site in the Arava. For example, at return period of 160 years, the expected CAV is 3.46 m/s. This implies that, at the Arava site, a chance of which CAV caused by earthquakes would exceed 3.46 m/s, at least once in 100 years, is 46 % (or 27 % in 50 years). The values given in Fig. 6 are calculated for a site with shear wave velocity v s =180 m/s (classified as soil Type D by the Israeli standard, following ASCE-7-05 classification).
Disaggregation for a given CAV
In order to determine the dominating earthquake-related factors to the estimated CAV, all the combined data in the previous section for the attenuation model is now decomposed, a process known as disaggregation (or deaggregation). Through disaggregation process, the contribution of each earthquake to the considered ground motion (in this case CAV) can be known. Fig. 7 shows the disaggregation for the CAV of 1.0, 3.5 and 8.9 m/s (a return period of 10, 160 and 2560 years, respectively). The notations M m and R m in the figure imply that the most dominant values of magnitude and distance (obtained as mean values), respectively, which contribute to the corresponding CAV. As can be seen, the concerned event at R = 10 years is dominated by earthquakes with relatively small magnitudes, while at R = 2560 years is controlled by earthquakes with high magnitudes. It appears that the distance to the source does not change with different return periods and the value is around 30 km. Together with the previous results shown in Fig. 6 , it can be said that, at the Avara, there is 46 % chance that CAV Cyprus M ed i ter ra n ea n1 M e d i te rr a n e a n 2 caused by earthquakes is likely to be 3.5 m/s (or greater) within 100 years and most likely will originate from earthquake distant by some 30 km. 
Selections of acceleration time history records
Considering the previous findings of most dominating magnitude and distance of earthquakes for a given CAV, a dataset of real earthquakes is constructed for time-domain analyses. Fig. 8 shows the acceleration time histories of selected earthquakes in this report. The information of the earthquake (e.g. event name, magnitude) is also shown in Fig. 8 . Although it would be ideal that the selected earthquake induces the target CAVs, it is not often the case (it is, in fact, impossible to find an exact fit of characteristics). Thus, the selected earthquake is scaled (vertically) in order to shift the real CAVs into the target CAVs. By scaling the real CAV, the peak ground accelerations (PGA) of the earthquake is also scaled. While this paper does not study in detail the effect of PGA, the selected earthquakes are the ones that their scaled PGAs are also within the range of the target PGA. Table 2 lists the selected earthquakes, target CAV (which are also shown in Fig. 6 ) and corresponding scaled outcrop PGA.
It should be noted that the values of CAV and PGA shown in Table 2 are not exactly the same as the ones produced at the surface of the geomechanical analyses shown later, due to site effect regulations by the solution. This is because the soil is neither elastic nor homogeneous in the current work. In other words, if the soil was elastic, the exact input motion at the bedrock for the target surface CAVs could have been determined by deconvolution based on linear wave equations. Therefore, the analyses are conducted iteratively in order for the computed CAV values, in the free field surface, to fall within the considered range. It is found that the scaling for all conditions fall in the range of factors between 1/3 and 1.5. As summarized in Table 2 , for each return period, three different scaled earthquakes are applied to conduct geomechanical analyses. For example, for R = 10 years, Quake 2, Quake 3 and Quake 4 (all scaled to have CAVs to be approximately 1.04 m/s) are applied.
DEFORMATION PROFILES DUE TO EARTHQUAKES
Serviceability of the railway track would drop according to deformation of the embankment. Deflection of the embankment would also hinder serviceability. Thus, in this paper, the differential displacements (∆u x , ∆u y , and ∆u z ) are investigated (and later used for fragility curve). Displacements presented in this paper are obtained at the surface of the embankment. The analyses are conducted using a commercial finite difference programme F LAC 3D [13] with dynamic option. The plastic soil models (cf. Fig. 3 ) and the spatially distributed and autocorrelated soil properties (cf. Fig. 4 ) are incorporated through Itasca's internal programming language.
Demonstration for CAV of 3.45 m/s (Return period of 160 years)
As the input acceleration histories are different in each direction, sediments and embankment are exposed to truly three-dimensional shaking movement, resulting in a complex behavior. Fig. 9 shows the displacement profile of embankment surface relative to the averaged surface displacement at the end of Quake 1 in the case of CAV ≈ 3.45 m/s for Soil 1, Soil 2 and Soil 3. The relative displacements are permanently induced due to cyclic loading and this contours can be an indicative of differential displacements. Due to the heterogeneity of soil properties, the displacements differ among Soil 1, Soil 2 and Soil 3 and even in the same soil they are not uniform. This induces a large relative displacement, which plays a key role for railway serviceability (discussed later). Since periodic boundaries are constructed for the model, the front and rear sides of the embankment produce the same displacements. Fig. 10 shows the displacement profile relative to the averaged value under Quake 1, Quake 2 and Quake 3 within Soil 1 for CAV 3.45 m/s. Although all the quakes are scaled to have the same CAV and the heterogeneous soil properties are identical, each earthquake induces the embankment surface to behave differently from one to the others. Overall trends imply that the edge of the embankment slides downwards and the embankment surface settles relative to the ground surface. 
CAVs of 1-10 m/s (Return periods of 10-3000 years)
The same analyses as the previous section are conducted for other 8 target CAVs, and in total 81 cases are considered (3 soil patterns times 3 earthquakes for 9 target CAVs). Fig. 11 presents the maximum differential permanent displacements with different CAVs. The maximum differential displacement is the maximum value of the induced relative displacements on the entire embankment surface. It is obvious that the displacements become larger when CAVs are larger. It may also be evident that at certain CAV levels the scatter becomes larger and the slope of the trend line changes. This trend relates to the onset of significant yielding of the embankment itself.
From the scattered data, deterministic relations of each differential displacement are obtained, which are also stated in Fig. 11 (denoted as the lines) with the standard deviation of each case (in natural logarithmic scale) is s (∆ux)max =1.109, s (∆uy)max =1.361 and s (∆uz)max =1.049. As a result, the most likely induced permanent differential displacement of the embankment can be evaluated at a given CAV. For example, the maximum differential x displacement is approximately 15 mm when CAV = 5.6 m/s. This value is found in the same range of the estimated slope displacements by pseudostatistic analyses by [14] and [15] using corresponding PGA values found in Table 2 . This finding supports the validity of the current analyses.
RAILWAY SERVICEABILITY CURVE
High-speed railway tracks require quality maintenance for track alignment retention, hence for safe train operation. High-speed railway tracks are especially vulnerable to differential deformations and evaluating deflections is a key engineering tasks associated with the train design. Table 3 lists examples of the serviceability standards for deflections of high-speed railway track. One may use the relation presented in the previous section (cf. Fig. 11 ) to evaluate the expected level of deformation using CAV in a deterministic manner. However, such evaluation would include significant uncertainty due to the scatter of the results. The framework of Probabilistic Seismic Hazard Analysis provides a consistent treatment of the problem by including the uncertainty implicitly in the calculation (and hence avoids the uncertainty). As a result, it enables to statistically evaluate the serviceability level of the railway track at the Arava.
A PSHA based formulations for such calculation can be written analytically as follows:
Or numerically as: 
where σ ln CAV is the standard deviation of CAV as defined by [12] and s is the standard deviation of the natural logarithmic of the suggested curves for maximum differential displacements as given in the previous section. Essentially, the above equation is one order higher integration form of the conventional PSHA integral. Solving Eq. 13 results in the exceedance probability of D * by a single event for a given exposure period t. In this work, it provides the answer to what the chance is in which a maximum differential displacement caused by a single earthquake would exceed the value D * for a period of t. Fig. 12 shows the solutions of Eq. 13 in each maximum differential displacement for exposure periods of 20, 40, 60, 80 and 100 years. The x axis is the maximum differential displacement and y axis is the exceedance probability. Thus, by drawing a straight vertical line to x axis, the intersection point to the curve represents its exceedance probability. For example, in the case of (∆u x ) max , there is 8 % of chance that the differential displacement caused by a single earthquake would be greater than 2 mm within 20 years. The same line also states that the probability of exceeding the 2 mm value by a single earthquake event is 15 %, 21 %, 27 % and 33 % within periods of 40, 60, 80 and 100 years, respectively. Table 4 summarises the exceedance probability of the maximum differential displacement can be greater than 2 mm by a single event at Arava site. While an expected displacement induced by a single event has a great importance, it is also imperative to evaluate a cumulative displacement. For example, using Fig. 12 , within 20 years of life cycle there is 88 % chance of the maximum differential x displacement to be greater than 0.25 mm, 51 % of greater than 0.5 mm and so on. Based on the Poisson's model (cf. Eq. 11), it is equivalent to the fact that, within 20 years, the event of 0.25 mm (or greater) deformation occurs on average 2.09 times, 0.5 mm deformation occurs on average 0.71 times and so on. If no regular alignment of railway is conducted, all these displacements may accumulate and eventually damage the railway to reach unserviceable state. Hence, by counting all possible events through statistical integration, the average rate of cumulative displacements are evaluated, which are: (∆u x ) max = 0.14 mm/year, (∆u y ) max = 0.13 mm/year and (∆u z ) max = 0.19 mm/year.
These annual values are, however, based on all the displacement values from return period of up to 4000 years and implicitly take account of extreme rare events. This implies that even though the event hardly occurs within the considered exposure period t (e.g. for R=4000 year event, 99.75 % chance of zero occurrence, 0.25 % chance of once, 0.0003 % chance of twice and so on within 100 years), the statistical integration still counts the value. In order to avoid this, the cumulative displacement is recalculated based on all possible combinations of events that comprise 95 % cumulative probability of occurring within the considered return period t (conducting the recalculation with 100 % leads to the same average value as stated above). This approach, in effect, drops out rare events within the considered exposure period t and thus the Figure 12 : Exceedance probability of a maximum differential displacement average rate becomes dependent on the considered exposure period. Assuming the exposure period of 100 years (i.e. a design life of the railway track is 100 years), the resulting values are summarised in Table. 5. It states that the limit of 2 mm deflection may be reached every 15 years, on average, throughout a life time of 100 years. 
CONCLUSIONS
This document presented a statistical analysis for the expected seismic induced differential deformation along the surface of the railway tracks of the Be'er-Sheval Eilat Train. The methodology was rather complex and involved integration of all possible earthquake events, together with nonlinear soil behaviour evaluation through advanced numerical and statistical analysis. It also included consideration of soil heterogeneity without which differential deformation would not be obtained from any numerical analysis.
The results presented in this document are relevant to a 10 metre heigh embankment over a natural soil Class-D site located in the middle section of the train route at the Arava. For the considered case, the statistical analysis indicated that there is a 35 % probability that the serviceability limit deflection value of 2 mm may be reached by a single event within the lifespan of 100 years. By considering the cumulative deformation for multiple events, it is estimated that this limit would be reached every 15 years, on average, in the next 100 years.
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